For an infinite Coxeter system, one can extend the weak right order to the set of infinite reduced words. This is called limit weak order. In this note, we prove that for affine Weyl groups of type An there exists a bijection between the set of Coxeter elements and the set of infinite reduced words which are minimal under the limit weak order. We also give an explicit correspondence between the these infinite reduced words and their inversion sets.
Background
Let (W, S) be a Coxeter system and |S| be finite. See [1] and [5] for the basics of the Coxeter groups and their root systems. A Coxeter element of it is a product of all simple reflections s ∈ S in any given order. By [8] , there exists a bijection between the set of Coxeter elements and the set of acyclic orientation of the Coxeter graph of (W, S). Let c be a Coxeter element. It determines an acyclic orientation in the following way: Suppose that s i , s j ∈ S are connected in the Coxeter graph. We assign the direction from s i to s j if s i occurs to the left of s j in a (equivalently any) reduced expression of c.
For w ∈ W , the inversion set of w is defined to be {α ∈ Φ + |w −1 (α) ∈ Φ − } and is denoted by Φ w . Now assume that W is infinite. A sequence s 1 s 2 s 3 · · · , s i ∈ S is called an infinite reduced word of W if s 1 s 2 · · · s j is reduced for any j ≥ 1. The inversion set of it Φ s1s2··· is the union ∪ ∞ i=1 Φ s1s2···si . Two infinite reduced words are considered equal if their inversion sets are equal. The set of infinite reduced words of (W, S) will be denoted by W l . We denote W ∪ W l by W . Let u ∈ W, v ∈ W l , one can define the multiplication uv as in Definition 2.6 in [11] . An element w ∈ W is called straight if l(w n ) = |nl(w)|. It is proved in [9] that if W is infinite any Coxeter element is straight. Choose a reduced expression w of a straight element w, then www · · · well defines an infinite reduced word which is independent of the choice of w and we shall denote this infinite reduced word by w ∞ .
A subset Γ of the set of roots Φ is said to be closed if for any α, β ∈ Γ and k 1 α + k 2 β ∈ Φ, k 1 , k 2 ∈ R ≥0 one has that k 1 α + k 2 β ∈ Γ. A set B ⊂ Γ such that both B and Γ\B are closed is called a biclosed set in Γ. Inversion set of an element in the Coxeter group or an infinite reduced word is biclosed in Φ + , the set of positive roots. There exists a W -action on the set of all biclosed sets in Φ + given by w · B := (N (w)\w(−B)) ∪ (w(B)\(−N (w))). For this action, see [3] . In
Let W be an irreducible Weyl group with the crystallographic root system Φ contained in the Euclidean space V . Let Φ + be the chosen standard positive system of Φ and let Π be the simple system of Φ + . For these notions, see Chapter 1 of [5] . The root system of an (irreducible) affine Weyl group W (corresponding to W ) can be constructed in the following way.
Let δ be an indeterminate. Construct a R−vector space
Then the set of roots of the affine Weyl group W , denoted by Φ, is Φ ⊎ − Φ. The set of positive roots (resp. the set of negative roots) is Φ (resp. − Φ). The set of simple roots is {α|α ∈ ∆} ∪ {δ − ρ} where ρ is the highest root in Φ + . Let α be a root in Φ. The reflection in α, denoted by s α , is the map
Then the (irreducible) affine Weyl group W is generated by s α , α ∈ Φ. It is known to be a Coxeter group with the simple reflections being the reflections in the simple
. Let T be the free Abelian group generated by {t γ ∨ |γ ∈ ∆}. Then one has that W = W ⋉ T. It is known that t α is straight for a coroot α.
There is a classification of biclosed sets in the set of positive roots which are the inversion sets of infinite reduced words for affine Weyl groups in [11] , which is based on previous work in [2] . We recall it here. For ∆ ′ ⊂ Φ, denote by Φ ∆ ′ the root subsystem generated by ∆ ′ . It is shown in [4] that the biclosed sets in Φ are in the form (Ψ + \Φ ∆1 ) ∪ Φ ∆2 where Ψ + is a positive system of Φ and ∆ 1 , ∆ 2 are two orthogonal subsets (i.e. (α, β) = 0 for any α ∈ ∆ 1 , β ∈ ∆ 2 ) of the simple system of Ψ + . We denote the set (Ψ + \Φ ∆1 ) ∪ Φ ∆2 by Ψ + ∆1,∆2 . Any biclosed set in Φ + (= Φ) is of the form w · Ψ + ∆1,∆2 for some Ψ + , ∆ 1 , ∆ 2 and w ∈ U where U is the reflection subgroup generated by Φ ∆1∪∆2 . The biclosed sets which are inversion sets of infinite reduced words are precisely those of the form
The extended weak order on W (denoted (W , ≤)) is a partial order defined as:
The extended weak order restricted on W (denoted (W, ≤)) is called weak order and the extended weak order restricted on W l (denoted (W l , ≤)) is called limit weak order.
Existence of minimal infinite reduced words
In this section we address the problem of the existence of the minimal infinite reduced words and discuss the cardinality of the set of them.
Theorem 2.1. Suppose |S| is finite. The limit weak order on W l has minimal elements.
Proof. We first show that under the limit weak order any decreasing chain of W l has a lower bound in W l .
Since (W , ≤) is a complete meet semi-lattice by Theorem 2.9 in [11] , such chain must have a lower bound in W . We show that such lower bound cannot be e. Assume to the contrary the lower bound is the identity element e. Suppose that {α 1 , α 2 , · · · , α r } is the set of simple roots. Then α 1 cannot be in the inversion set of all elements in this chain. So we can find an element u in this chain whose inversion set does not contain α 1 . So we consider the elements in the chain below u. They form another decreasing sub-chain (whose meet is also e and s α1 is not the prefix of any element in this sub-chain). Proceed in this manner we will get a sub-chain such that any simple reflection is not the prefix of any element of it. But this is a sub-chain of infinite reduced words. This is a contradiction. Now we show that such lower bound cannot be some w ∈ W either. If so, we left multiply all elements in the chain by w −1 and the new chain will have lower bound e.
This means that the lower bound must lie in W l . Then apply Zorn's Lemma to the opposite poset of the limit weak order on W l and we see the conclusion.
We call minimal elements in W l minimal infinite reduced words.
Remark. If S is infinite, it could happen that W l has no minimal element. Consider the weak direct product of
One can easily see that any sub-infinite reduced word of it is less than it under the limit weak order.
Theorem 2.2. (1) For an irreducible affine Weyl group W , the minimal infinite reduced words are those infinite reduced words whose inversion set is of the form
(2) The number of minimal infinite reduced words for W is |W |( H 1 |H| ) where the sum runs over the set of maximal standard parabolic subgroups.
Proof. (1) By the classification of biclosed sets in Φ, these are the minimal biclosed sets arising from the infinite reduced words.
(2) By (1) the minimal infinite reduced words are in bijection with the biclosed sets (in Φ) of the form Ψ + ∆1,∅ with |∆ 1 | = |∆| − 1. Therefore we count the number of the biclosed sets of that form. To do this, one considers the natural action of the finite Weyl group W on these biclosed sets. We take Ψ + = Φ + , the standard positive system. By Theorem 1.15 of [2] every biclosed set of the form Ψ + ∆1,∅ with |∆ 1 | = |∆| − 1 is conjugate to some unique Φ + M,∅ with |M | = |Π| − 1. Now the assertion follows from the fact that the stabilizer of Φ + M,∅ is precisely W M , the standard parabolic subgroup generated by s α , α ∈ M.
A Coxeter group is said to be word hyperbolic if and only if it contains no subgroup isomorphic to Z × Z. Proposition 2.3. Let (W, S) be an infinite non-affine word-hyperbolic Coxeter system. Then (W l , ≤) admits infinitely many minimal elements.
Proof. By [7] Theorem 3, two infinite reduced words are comparable if and only if they are in the same block of (W l , ≤). (Two infinite reduced words are in the same block if and only if the symmetric difference of their inversion sets is finite.) Furthermore the limit weak order limited to a block is isomorphic to the weak order of a finite Coxeter group. Therefore each block has a unique maximal element (which is also a maximal element of W l ) and a unique minimal element (which is also a minimal element of W l ). By [11] Theorem 3.16, W has infinitely many maximal elements. Therefore (W l , ≤) has infinitely many blocks. And therefore it has infinitely many minimal elements.
The bijection
In this section, let W be the finite Weyl group of type A n . Let Φ, Φ + , ∆ be the set of roots, standard positive system and the corresponding simple system respectively.
(1) follows from the fact (α i , β) = n + 1, (α j , β) = 0, j = i and Lemma 4.6 of [10] .
(2) follows from the formula t k β (α + nδ) = α + (n + k(β, α))δ.
We denote α j +· · ·+α i−1 +α i +α i+1 +· · · α k by α j,k . We will call j the first index and k the second index of the root α j,k . Then
Then we act c −1 multiple times on α i,i = α i . We notice the first index move in the following way i → 1 → 2 → · · · → i → 1 → · · · and the second index move in the following way i → n → n − 1 → · · · → i → n → · · · . Whenever the first index or the second index hits i, there is a −δ added.
Combining these observations one concludes c −n(n−i+1) (α i ) = α i − (n + 1)δ = t −β (α i ).
Therefore the action of c −n(n−i+1) and t −β on V ′ coincide. Hence we conclude they are equal by the faithfulness of the representation.
(4) follows from (3).
We define a Weyl group W action on the set of Coxeter elements of W : If s αi is a left descent or a right descent of c then s αi .c = s αi cs αi . Otherwise s αi .c = c. (2) Clearly every Coxeter element is conjugate to a Coxeter element ending with s δ−α1−···−αn . So it suffices to prove that every Coxeter element ending with s δ−α1−···−αn is in the same orbit of one of the Coxeter elements in the lemma.
A Coxeter element with s δ−α1−···−αn being a right descent corresponds to an acyclic orientation of the Coxeter graph such that s δ−α1−···−αn is a sink. Since each edge connecting s αi and s αi+1 can have one of the two possible directions there are 2 n−2 such Coxeter elements. Let E be the edge set {(s αi , s αi+1 )|1 ≤ i ≤ n − 1}. An edge from s αi to s αi+1 is called positive and an edge from s αi+1 to s αi is called negative.
Then acyclic orientations of the Coxeter graph such that s δ−α1−···−αn is a sink can be divided into n+ 1 disjoint families: F i := { acyclic orientation of the Coxeter graph such that s δ−α1−···−αn is a sink with E containing exactly i negative edges }, 0 ≤ i ≤ n.
The Coxeter element s αi s αi−1 s αi−2 · · · s α1 s αi+1 s αi+2 · · · s αn s δ−α1−α2−···−αn corresponds to the following acyclic orientation which belongs to F i−1 .
· · · s αn−2 s αn−1 s αn Note that for s αj which is a source or a sink of this acyclic orientation, the action of s αj on such an acyclic orientation changes the direction of the two edges connecting s αj .
We need to show any acyclic orientation in F i−1 can be converted to the above one by acting some element in W on it.
Suppose that d ∈ F i−1 has two edges in E with different direction from the above one. Then there must be an edge (s αa , s αa+1 ), a < i which is positive and an edge (s α b , s α b+1 ), b ≥ i which is negative. The directions of the other edges of d coincide with those of the above orientation. In this case acting s αa+1 s αa+2 · · · s αi−1 s α b s α b−1 · · · s αi+1 s αi on b one gets the above orientation. Now suppose that d ∈ F i−1 has more than two edges in E with different direction from the above one. Let a be maximal such that a < i and the edge (s αa , s αa+1 ) is positive. Let b be minimal such that the edge b ≥ i and (s α b , s α b+1 ) is negative. Acting s αa+1 s αa+2 · · · s αi−1 s α b s α b−1 · · · s αi+1 s αi on b one gets an orientation in F i−1 having few edges in E with different direction from the above one. Then the result follows from induction.
(3) By definition the standard parabolic subgroup W i of W generated by s α1 , · · · , s αi−1 , s αi+1 , · · · , s αn stabilizes c since these simple reflections are not descents of c. By (2) under such an action, the Coxeter elements of the form in the lemma generate all the Coxeter elements. Hence one has the inequality This above shows the "only if" part. The "if" part then follows from the fact the set of minimal infinite reduced words and the set of Coxeter elements both have cardinality 2 n − 2.
Remark. Such a bijection does not exist in general affine Weyl groups. For type B 2 , there are 4 Coxeter elements and there are 8 minimal infinite reduced words.
